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Heat diffusion as a source of aerodynamic sound
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The paper examines the role of heat diffusion as an internal noise source in aero-
engines and as a source of noise in the mixing of hot jets. We consider a number of
model problems and find that the sound induced by unsteady heat transfer can
show an unusually weak dependence on the mean flow velocity U, the intensity
scaling as U? in three dimensions. At low enough velocities diffusion effects will
overwhelm other noise sources, but we have failed in our search for a significant
practical situation in which we can prove that sound generated by diffusion
clearly dominates over that excited by unsteady aerodynamic forces; they are
sometimes comparable.

We examine the possibility that diffusive monopole sources feature in the noise
of hot jets using model problems in the linear case and using dimensional analysis
in the nonlinear case, and conclude that no significant monopole exists when the
specific heats are constant. But they are not constant at low frequencies when, for
example, heat flows into and out of vibrational energy modes; then an important
monopole source is present. This source shows an unusually complicated scale
effect.

1. Introduction

™ e excess noise of aeroengines above that predicted by Lighthill’s (1952,
1954) theory of aerodynamic sound generation at low Mach numbers has led
many investigators to search for new source mechanisms, or alternatively for
scattering mechanisms that can enhance the radiation efficiency of Lighthill’s
quadrupoles (Ffowes Williams & Hall 1970; Crighton 1972; Morfey 1973, and
others). All searched for mechanisms that generate noise that increases with
velocity less rapidly than the quadrupole noise, and which might dominate at low
jet speeds. But in this search little attention has been paid until very recently to
the roles of heat diffusion and viscous dissipation. These are usually thought to be
irrelevant to the noise problem since the Reynolds number involved is so large.

Even though the Reynolds number based on the mean velocity and nozzle
scale is extremely large, turbulence ensures that the appropriate length scale is
small enough for irreversible processes rapidly to dissipate the energy of a jet.
So when examining engine noise it might seem premature to disregard diffusion
out of hand on the grounds that it is too slow over engine scales. The rapid oscilla-
tions of Trevelyan’s rocker are possible since ‘‘ the conduction of heat is not a slow
process when small distances and masses are in question’’ (Rayleigh 1877).
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2 A. J. Kempton

Inhomogeneities in temperature can produce internal noise by scattering
hydrodynamic pressures (Cumpsty & Marble 1974; Ffowes Williams & Howe
1974), but the role of heat diffusion as an internal noise source has been examined
in detail only for combustion noise and in certain resonance situations: the
Rijke tube, the Bosscha tube and tubes that are hotter at their closed end than at
their open end (Rayleigh 1877; Rott 1969). Temperature differences are known to
have an effect on jet.noise. It has been observed for model jets (Hoch et al. 1973)
that an increase in the jet temperature reduces the noise at high jet velocities
but increases the noise at low jet velocities; this increase was not attributed by
Hoch to rig noise but was considered an essential feature of heated jets. Explana-
tions of these effects have been provided by theoretical work by Morfey (1973,
1974), Mani (1974), Tester & Morfey (1976} and others. They suggest that tem-
perature inhomogeneities can scatter efficiently the quadrupoles’ near field, and
can change the amount of mean profile refraction and shrouding of the quadru-
pole noise. Lush & Fisher (19¥3), however, have formed an empirical correlation
of the hot-jet noise data by assuming the existence of a source that generates
noise whose intensity scales with the fourth power of velocity. Crighton (1975)
argues the rationality of this and concludes that irreversible processes induce such
a monopole; we disagree with his conclusion.

In this paper we begin our study by considering certain model problems where
the temperature is specified on some solid bodies. From these we confirm that the
gound may be considered to arise from the monopole-like fluctuating heat trans-
fer to the fluid. We find that the sound intensity sometimes scales with the cube
of the mean velocity, an unusually low exponent for noise in three dimensions.
Such low exponents are possible since an additional length scale is present owing
to diffusion, but are achieved at the expense of introducing inverse powers of the
numerically large Péclet number Pe = U%/wk, the ‘Reynolds’ number based on
the diffusivity of heat rather than the kinematic viscosity; the intensity of the
sound scales as M4Pe1. Thus, when in § 4 the heat transfer is estimated for certain
aeroengine and underwater situations, the resulting radiated sound is shown to be
often insignificant. ,

The case when streams of different temperatures mix and there isno fluctuating
heat input into the fluid is dealt with in §5. In the linear theory the expansion as
part of the fluid is heated is compensated for by the contraction as another part
is cooled. The noise source degenerates to a dipole, and the intensity of the rad-
iated sound then scales with the mean velocity to the fourth power. Again,
however, this low exponent involves the introduction of inverse powers of the
Péclet number and is too weak to provide a theoretical justification of the corre-
lation obtained by Lush & Fisher (1973); in any event this result is restricted to
laminar flows.

In §6 Crighton’s arguments for the existence of diffusive monopoles in turbu-
lent flows are discussed and shown to be in error. We show that, even in the non-
linear theory, no monopole source exists that is capable of generating an acoustic
field whose intensity scales as U#, provided only that the specific heat remains
constant. In §7 we examine the effect of variations in the specific heats. With
such variations heat diffusion does induce a monopole source that generates a low
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frequency far field with intensity scaling as U4 and with no dependence on
Péclet number. However this source is much weaker than the work of Crighton
would suggest.

2. Sound generated by heat diffusing from solid bodies

Landau & Lifshitz (1959, p. 287) have examined the sound radiated when the
temperature of a solid body is made to oscillate. The fluid close to the body
expands and contracts as heat is fed in and is extracted, and the consequent flow
of mass acts like a monopole source of sound. For a plane surface whose tempera-
ture varies slowly they deduce an inner expansion for the temperature, valid in a
region close to the surface where the diffusion equation holds. The resulting
velocity of the fluid normal to the surface attains a limiting value at distances
from the surface small compared with an acoustic wavelength, and provides the
matching condition to determine the radiated sound.

It is possible alternatively to use an acoustic analogy. The analogies of Light-
hill (1952, 1954), Phillips (1960) and Howe (1975) all reduce to the form

2y = L0 2T
c? of? T, ot

for the linear problem, and the radiated sound may be deduced if the inner expan-
sion is used to determine 927'[0t? (see Howe 1975). Here p is the pressure, p the
density, T' the temperature, ¢ the ambient speed of sound and a suffix zero
indicates that the undisturbed value of the variable is to be taken.

A further alternative is to use the ‘inner solution’ to deduce the fluctuating
heat flow from the body to the fluid; the heat low from a surface element dS is
—kVT .dS, where k is the thermal conductivity. We deduce the radiated sound
from the equation (Morse & Ingard 1968, equations 7.1.21 and 7.1.22)

10%p 0 1 2Q
c—z'a—t?—vp—c—pTOE—V.F, (1)

where c,, is the specific heat at constant pressure, ¢ is the rate of heat addition and
F is the applied force, both per unit volume. For this problem F is zero.

These three methods yield the same result. The monopole source strength is
given by f pou.dS if the first method is used, and the velocity u is matched by

£ 0T
T, a’

if an acoustic-analogy approach is adopted and by

k
meT.dS

if the heat flow is calculated. Volume and surface integrals are to be evaluated
over the source region and the surface bounding it. These source terms are equiva-
lent in the linear theory if pressure variations may be neglected in the source
region, i.e. the source is compact. However, because mistakes have been made
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4 A. J. Kempton

when applying the method of matched expansions loosely in this manner, it is
wise to verify directly for this simple problem that the results obtained by the
above approaches are correct.

The governing equations for a perfect gas are

dp[ot +o(pu;)|ox; = O, (3)
0 2 _ _82 o7y
EZ(pu‘i)'*-%(putuj) - —axi axj’ (4)
DT Dp ou, o (,0T
Pth Dt +Ti15;j+55;(k'37i)s (8)
where Ty = p(OUs[0; + Ouy[0;) + (p,— §pt) 8,5 Ou [0

(See, for example, Lighthill 1956.)  is the viscosity, x, the bulk viscosity and R
the specific gas constant, which is equal to ¢, —c,, where ¢, is the specific heat at
constant volume. These equations can be combined and linearized to give the
governing equation for small variations in temperature as
3T oT 3T

e czva__ + ¢ VAT — (§v +yk) V2 +4pyk V4-— = 0, (6)
where y = ¢,/c, is the ratio of the specific heats, x = kfp ¢, is the diffusivity of
heat, and v = ufp, is the kinematic viscosity (v = (u + §#,)/p, if we include the
effects of bulk viscosity). For periodic disturbances at low frequencies

(0w <c¥x and o <c?fy)

there are two linearly independent solutions to (6). These are, in one space dimen-
sion, T ~ exp{—ivt+iwx[l+}odv+(y-1)k)/c*+...]/c}, (7
the solution to the wave equation modified by slight damping, and

T ~ exp{—ivt—(1—3)z(3o[c)[1—-Fo(y—1) (k—§v)/c2+...]}, (8)

the solution to the diffusion equation modified by slight compressibility. The
boundary conditions, i.e. the specified temperature and the condition of vanishing
velocity, determine the magnitude of the acoustic and diffusion waves; if the
rigid surface at x = 0 has temperature T, + 7} e~*t, to first order in 7}/T; and
lowest order in w«/c? the radiated sound has fluctuating pressure

]
p= poc"’% (%) exp{—iw(t —x[c) — }im}. 9)

Since the three methods using the inner expansion give results in agreement
with this direct approach, we feel justified in using them in more complicated
situations examined later that are not amenable to a direct approach.

These three methods and the direct approach have also been used to deduce
the sound radiated when the temperature of a sphere of radius a is made to vary
as Ty+ Tje~%t in the limit wafc < 1 but (w/«)ta > 1 (the sphere is small on the
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wavelength scale but large when compared with the width of the thermal

boundary layer). All the approaches agree and give the far-field fluctuating

pressure as T (o\bwaa

~pyt= =) —= —iw(t—rlc) — Fim]. 1

p oo (%) 2 Sexp (—io(t—rfe) —dim] (10)

In asimilar manner we can demonstrate that heat transfer causes a reduction in

amplitude on reflexion when a plane sound wave is normally incident on a hard

constant-temperature surface at = 0. The sound wave causes the temperature
of the fluid to vary as

T = Ty+ T* exp { —iwt —iwz[1 + oGy + (Y — 1) k)[c? +...)/c}

[ef. (7)]. The requirement of zero normal velocity ensures that the wave is
reflected without change in amplitude to lowest order in w«/c?. But the condition
that the temperature of the wall be fixed at 7}, means that a thermal wave
must also be present; this is given, to lowest order in w«k/c?, by

—2T* exp { — twt + (1 —7) z(3w/K)}}
and drives an acoustic wave with temperature
— 281 —4) T*(y — 1) (wk/c?)} exp { — it + twz}.

So we deduce that the amplitude of the reflected wave is smaller than that of the
incident wave by the factor

12}y — 1) (wk[c?)} + O(wk/c?)

(cf. Cremer 1948). Thus a hard constant-temperature surface absorbs energy
from incident sound waves, regardless of the surface’s absolute temperature.

3. Sound generated by fluctuating flows over hot bodies

An alternative means exists whereby the heat transfer from a hot body to the
surrounding fluid may vary and cause sound to be generated. If the fluid veloeity
over the body fluctuates, or the rigid body itself undergoes slight oscillations in
position, the heat transfer from the body is unsteady and produces monopole-
type noise.

To highlight the role of heat diffusion we restrict attention to inviscid flows.
Not only does this simplify the governing equations, but it also enables us to
pose problems that would otherwise not be sensible (for example, if we must
include the viscous boundary layer, we cannot discuss flow over an infinite flat
plate). Thus, as a model problem in this class, we can consider the two-dimen-
sional laminar flow over the hard wall £, = 0 of an inviseid fluid with unperturbed
temperature 7, and with velocity U in the £, direction. The wall temperature is
specified as 7, for £; < 0 and for £, > a but is 7} for 0 < £, < a. The wall is then
allowed to execute small rigid oscillations with velocity — U*e—%t in the £,
direction.

Variations in temperature due to diffusion will occur only in regions close to the
temperature discontinuities, within a distance of the order of the diffusion length
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Ficure 1. Flow over a partly heated wall.

scale (k/w)}. At low enough frequencies, wk/c? < 1, the source regions will be com-
pact on a wavelength scale, so we neglect pressure variations within them.
Furthermore we consider the wall to be stationary and apply locally a Galilean
transformation such that the fluid velocity varies as U+ U*e~™t (figure 1).
These assumptions introduce a relative error O(A?2).

The temperature equation (5) becomes

pc, DT|Dt = V. (kVT) (11)

in the frame of reference (x,, x,, ;) = (x, ¥, 2} in which the wall is stationary. For
the linear problem, the steady temperature satisfies 7' = T} + 7", where

UaT’ oz = V2T, (12)
with T =(T,-T)[Hx)—Hx—a)] on y=0.

We treat the fluctuating velocity U*e—%* as a small perturbation to the steady
velocity U.Then the fluctuating part of the temperature satisfies to first orderin U*

oT*[ot+ UdT*[ox — kV2T* = — U*e—it 9T [0, (13)
with T*=0 on y=0.

We can thus find the ‘inner solution’, an approximation for the temperature in
the source region.

To deduce the radiated sound, to match on an acoustic wave, we employ
Lighthill’s acoustic analogy in the frame of reference § in which the fluid at
infinity is at rest; the frames of reference § and x are related by

L =2~ Ut—iUXe ™ —1)lw, £=2, & =2,
and the Jacobian of the transformation is unity, i.e. d¥; = d¥;. We have (Light-
hill 1952) OpJot? — BV = 0T, 0w, Ox,
where T, = puguy + (p—c%p) by,

In the manner of Lighthill (1952), but taking account of the variation of M, with
time, we deduce that

=po) &1 4n£‘lgé|3”” et ke IR LA
where = —(Ufe+ U*e™[c) &,/ |E]

and r = |E—Ey(X,,7)|.
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A similar expression has been obtained by Ffowes Williams (1974), who uses
Lagrangian co-ordinates. His result differs since the Jacobian of the transforma-
tion is then a density ratio. In our problem

Ty = —Xp—po) 85 = Spo (T — 1) 8,/ T,

where 7 is the ‘inner solution’ for the temperature. We are thus able to deduce
the radiated sound (see appendix A).

If wa/c < 1, i.e. the heated region of the wall is compact on a wavelength scale,
the fluctuating pressure of the radiated sound at £, = Rcos@, £, = Rsinfis

_ Poc? T,—1T, _@_/S)iz‘ @a cos G exp { —1@(t — Rfc) + yim}
P= (1+McosB)? T, \c2] ¢ c (2n@R[c)t ’

with a relative error O(wafc)+O(M?2)+O(U¥*/c)+ O(wk[c?) + O((Ty—Ty)[Tp),
where M = U/c and & is the Doppler-shifted frequency w/(1 + .M cos ). The noise
is dipole induced since the heat input near x = 0 is compensated for by the heat
extraction near x = a.

In the limit a - co, corresponding to flow over a rigid oscillating wall with one
step discontinuity in temperature, the artificial dipole nature of the source is
removed and the far-field fluctuating pressure is

(15)

(16)

e Tt (50)1 U exp (0B
p (1+Mcosb)> T, \c*/ c (2nGRfe)t

with a relative error O(M2)+ O(U*/c) + O(wx[c?) + O((Ty — Tp)[Tp).

In appendix B we show that, in the limiting case a —+ co, the sound radiated is
unaltered if the boundary conditions on y = 0,2 < 0 are changed from T = 7T,
to 8T [oy = 0. We still specify T' = T, for y = 0,z > 0, and then we have the prob-
lem of flow over a heated juddering semi-infinite flat plate.

If, as is usually assumed in aerodynamic noise theory, frequencies and all
velocities scale with the mean velocity U, the far-field acoustic intensity associ-
ated with the heat-input monopole in these unsteady laminar flows scalesas U, U?
and U3respectively in one, two and three dimensions (the compact case expressed
in (15) differs because the source degenerates to a dipole). The change from the
normal U4 monopole scaling in three dimensions arises because the intensity of
the radiated sound depends on wk/U?, the reciprocal of the Péclet number, and
scales as M4Pe1,

4. Practical estimates of the noise from heat sources

In aeroengine and underwater acoustics, there are several situations where
heat sources could be important. For example, there will be fluctuating heat
transfer when the flow over turbine blades of high heat capacity has varying
temperature at the outlets to the combustion chamber, when the flow over cooled
turbine blades has varying velocity and when over cooled turbine blades there is
unsteady laminar-to-turbulent boundary-layer transition or there are unsteady
shocks.
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To assess the importance of some of these sources, we compare the noise result-
ing from the unsteady heat transfer with that resulting from the unsteady viscous
boundary-layer drag. We deduce the radiated sound from (1):

18%p 1 5Q
g~ V= -V-F oo, ot

where F is the applied force and @ the rate of heat addition. For Prandtl numbers
of order unity the effects on incompressible fluid motion of heat diffusion and
viscous dissipation are comparable; but the viscous drag is a dipole noise source,
and so the sound pressure generated by it will be smaller than that generated by
the heat-transfer monopole by a factor of the order of the mean-flow Mach
number. However, in most applications a far more dominant source arises from
the fluctuations in lift and in form drag. At high Reynolds number these forces
are much greater than the skin-friction drag and provide the most important
noise source.

We obtain an estimate of the relative importance of these sources in laminar
flows by a dimensional argument. We consider unsteady laminar flow of a fluid
at temperature 7}, over an aerofoil of length a whose temperature is 7;. From §2
or §3 for the inviscid case, and from the estimates of Chapman (1974) or of
Gersten (1965) for viscous flow, the fluctuating heatinputscales as (Ua/« ) k(T ~ T})
per unit length, if frequencies scale ag Ufa. The fluctuating viscous drag
scales as (Uafv)}uU (Chapman 1974; Gersten 1965) and the fluctuating lift and
form drag scale as pU%. We deduce the resulting noise from (11). The far-field
pressure scales as

p°c2M2(Ua) iTlT T, 2M3(Ua) oM
0
for the heat source, the viscous drag source and the lift or form drag source
respectively. For a typical configuration (Ua/k)—} ~ 10-2 and the noise from the
fluctuating lift and form drag will be dominant.}

As a more definite example, we examine flow of very slowly varying density
incident on constant-temperature blading. The lift per unit length experienced by
a two-dimensional aerofoil at an angle of incidence of about 5° is given approxi-
mately by } pU%z, where a is the chord length. The ratio of lift to drag is a maxi-
mum, with a value of the order of 60, at about this angle of incidence (Goldstein
1965). The boundary-layer drag and heat transfer between a flat plate of length
and the surrounding fluid are given by

D ~ 0713pU% (Uafv)-t
and Q ~ 0-T3EAT(Uafv)t (uc,[k)}
for a turbulent boundary layer and by

D ~ 1-32pU2(Uafv)?
and Q ~ 1-32kAT(Ua[v)} (uc, [k)}

+ This result will hold at both high and low Strouhal numbers wafU for viscous flows. At
low Strouhal number the drag scales as pU?a, while at high Strouhal number the inertial
drag dominates, scaling as pUwa?.
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for a laminar boundary layer, where AT is the temperature difference be-
tween the plate and the fluid (Chapman 1974). Setting p = p,+p’e—*t and
AT =T,p'e~t[p,, we obtain estimates for the fluctuating drag and heat transfer,
valid in the ‘ very slowly varying’ approximation, for an aerofoil in a flow of vary -
ing temperature. For a Prandtl number of order unity, the sound pressure
resulting from the oscillating drag on a flat plate is smaller by a factor of the flow
Mach number than that resulting from the oscillating heat input. However the
sound pressure resulting from the oscillating lift on an aerofoil is larger by factors
of about }(Uafv)}M and }(Ua/v)!M for the cases of turbulent and laminar
boundary layers respectively. For a typical engine configuration these factors
are about unity and 50 respectively. Thus for laminar boundary layers, except at
extremely low Mach numbers, the fluctuating heat input will not be an important
noise source, but when the boundary layers are turbulent this heat source is
probably significant.

If the flow velocity rather than the flow temperature is allowed to vary, in the
laminar case heat sources become less important and the noise produced is as
small as that due to the skin-friction drag. Suppose that the fluid velocity over a
cooled two-dimensional flat plate of length a varies as U + U*e—%t, where the
frequency is so low that wa/c € 1 and the quasi-steady approximation may be
used to deduce the drag and heat transfer. For laminar boundary layers the
fluctuating drag is 0-25pU*(Uafv)te~%t and the fluctuating heat transfer is
0-075k(Ty — T}) (Ua/v)te—#tU*|U (Gersten 1965), where T}, and T, are the tem-
peratures of the fluid and plate respectively. The ratio of the sound pressure
generated by the viscous drag to that generated by the heat transfer is

5 (ueyke) MTy/(To—Ty): 1.
Typically, in aeroengines we find that these noise sources are comparable.
In underwater contexts the Mach numbers involved are smaller, but both the
Prandtl number uc,[/k and the factor Ty/(T; — T}) are large; then the skin-friction
drag dominates.

Thus, although diffusion effects will overwhelm aerodynamic sources at low
enough Mach number, we have not been able to think of a significant practical
situation in which we can show that sound generated by diffusion clearly dom-
inates that excited by unsteady aerodynamic forces. The two noise sources are
comparable, however, when boundary layers are turbulent. But we expect our
simple modelling to contain only an order-of-magnitude guide to the far more
complicated practical situations, so should not be surprised to find that unsteady
heat transfer induces monopoles accounting for significant sources of engine
noise.

5. Sound generated by unsteady heat transfer between gas streams

Even when there is no heat transfer from foreign bodies, heat diffusion may
still be a source of sound if inhomogeneities exist in the fluid temperature. Then,
because the expansion of parts of the fluid being heated is exactly compensated
for in the linear theory by the contraction of the neighbouring parts being cooled,
there is no longer any monopole source term. But there is a dipole term, so noise
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F1eURE 2. Mixing of two streams with different temperatures.

radiated is smaller by the compactness ratio (w«/c?)? than the monopole noise
induced by heat transfer between the fluid and its boundaries.

As a model problem to illustrate this phenomenon, we consider uniform inviscid
flow U in the £, direction over the semi-infinite plate §, = 0, £, < 0. The temper-
ature of the fluid far upstream is specified as 7'y above the plate and 7} below the
plate, and there is no heat flux into or out of the plate. To introduce unsteadiness
into the problem, as before, we allow the plate to judder slightly in the £, direction
with velocity — U*e~%¢, so that it occupies the region £, = 0, £, < —iU*e~%t/w,
Since, again, at low enough frequencies the source region will be compact, we
neglect pressure variations in determining the fluid temperature in the inner
region. In the frame of reference in which the plate is at rest (figure 2), the steady
part of the temperature satisfies (12),

UoT' [ox = V",

and the fluctuating part satisfies (13),
oT*|ot + U oT*[ox — kV2T* = — U=t oT" [ox,
subject to the boundary conditions
oT"|oy = dT*|/oy=0 on y=0, <O
and the upstream conditions
roflh w zI ez

1 ’ ’

and T*-»>0 as x—> —o0.

We can deduce the sound radiated directly as before. From Lighthill’s acoustic
analogy

_ §1, gj : zj(xm T) } _
0=r0 @0 = oo [[[ |32 (o e | 25 e 41y a8, i,
where M= —(Ufo+U*emje) £[[E], 7= [§—Eolx )
and Ty; = c¢%po(T' —T;) 8;;/T, T being the ‘inner solution’ for the temperature.
We thus deduce (see appendix C) the far-field acoustic pressure to be
_ Poc? T, — T, &« U*sin  exp{ ~i@(t — RJe) — }im}
P={+Mocos 0 T, ¢ ¢ (8n@R[c)t ’

(17)
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with a relative error O(M?2) + O(U*/c) + O(wk/[c?) + O(Ty — T,)[T,), where M = Ulc
and @ is the Doppler-shifted frequency w/(1 + M cos 0). The pressure is smaller by
the compactness ratio (&« /c?)t than that estimated in (16), for flow over a heated
semi-infinite plate. The intensity scales with mean velocity to an exponent one
greater than when solid constant-temperature surfaces are present, i.e. as U in
three dimensions, U3 in two dimensions and U2 in one dimension. But again the
field is weak because the Péclet number appears in the denominator of the ex-
pression for the radiated sound.

We have similarly evaluated (in appendix D) the field in the three-dimensional
problem with axial symmetry; the temperature satisfies the boundary condition

Tjor=0 on r=a, £< —iU¥e 1)l
and the upstream conditions
> —
PR Sy
The resulting far-field pressure satisfies
—poc® T —T,ok U* Gasin®Oexp{—iw(t— R/c)}
P¥ A MecosOE T, & ¢ o 4Ra ’

providing the frequency w is low enough. An additional term @asin @/c is intro-
duced because the source is now a quadrupole, the further phase cancellation
being due to the axial symmetry.

In deducing these results we have deliberately ignored the scattering of the
acoustic waves by the plate or duct. Scattering would augment our estimate of
the field, which consequently constitutes only a lower bound on the noise. The
detailed calculation of the scattered field would be a long exercise though thereisno
difficulty of principleinits determination using the method of matched expansions.

If the flow is turbulent rather than laminar, and so is neither two-dimensional
nor axisymmetric, we expect the radiated sound to differ in a number of ways.
First, we expect real turbulence to be continually regenerating sharp interfaces
between the hot and cold fluid, so that, while in the model problem the source
region is localized to within a distance downstream from the edge of about (x/w)3,
this region will now extend to a distance of about U/w, the characteristic scale of
the flow. The source strength is therefore increased by an amount of the order of
the usually large factor (wx/U?)~%. Second, in the three-dimensional case, we
expect the phase cancellation due to the symmetry of the problem to disappear.
Finally, any pronounced directivity of the source will probably be weakened.
Thus we expect the far-field pressures (17) and (18) to be modified to scale as

Ty —T, (wx\} (U\2exp {—iw(t—R[c)}
pae 2 (5) () e 1)

c
for the two-dimensional plate problem of a hot stream with temperature 7',
and velocity U mixing turbulently with a cold stream of temperature T, and as

T, —Ty (wx\} (U\2exp{—iw(— R/c)}
v~ et () () “H g 0

for the equivalent axisymmetric duct problem when the hot jet has diameter D.

(18)
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Although we have shown that heat diffusion can generate a far field that
depends only weakly on the mean velocity U, we cannot thus account rationally
for the correlation obtained by Lush & Fisher (1973). The emergence of an ad-
ditional length scale (the diffusion length scale (x/w)}) admits an additional
compactness ratio (w«/c?)}; in most flows of interest this is much smaller than the
normal compactness ratio M. Thus, although we have a change from the normal
US scaling for dipole noise in three dimensions, this is achieved by the introduc-
tion of inverse powers of the Péclet number; hence the intensity scales as M°Pe—1
when the flow is turbulent. Even at the lowest jet velocities considered by Lush
& Fisher, the Péclet number is high enough to render these heat-diffusion sources
utterly negligible.

6. Nonlinear diffusion as an acoustic source: constant specific heats

Some authors have manipulated Lighthill’s source term, or the source term of
alternative analogies, apparently to demonstrate the existence of acoustic
monopoles (Lilley 1973; Mani 1976a,b). We prefer to use a direct approach and
start from an expression for the monopole source strength

pof u.ds,
s

§ being a control surface bounding the compact source region. We examine this
expression in some detail because our conclusions differ from those of Crighton
(1975), who predicts a substantial monopole source with strength proportional
to the jet velocity.t Then the intensity of the resulting sound field would scale as
U%in three dimensions and be independent of the Reynolds and Péclet numbers.
We return to the nonlinear equations of viscous motion for a perfect gas, (2)-
(8). To aid comparison with other authors’ work, we introduce the specific
entropy s, which satisfies the thermodynamic relation T'ds = ¢,dT +pd(1/p).
The temperature equation (5) then becomes the entropy equation
Ds  ou; 0 E 0
i~ 7'“5;1 +3_x,( 3—231 .

The monopole source strength is given by

pT (21)

1Dp
pofsu.dS =pofVV.udV=pofV _/-)_D_th

_ 1Ds 1 Dp
-”°f V(c“ﬁ‘y—pﬁ)”’

1 Our definition of source strength differs from that of some other authors, e.g. Ober-
meier (1875). We follow Morse & Ingard (1968) and define the monopole source strength
density to be @ according to the equation ¢—292p[os*— V3p = 0@ [dt. In three dimensions,
at a distance R the pressure p scales as UD?Q/R for frequencies w ~ U/D, D being the length
scale of the source region. Because the rate of change of the monopole source strength is the
forcing term, the far-field intensity scales as U* for a source strength scaling as U. Ober-
meier defines the source strength density to be Q/2¢, and so his O(M?) monopole is equiva-
lent to our O(M) monopole in the dependence of its field on jet velocity.
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where V is the source region and § is the surface bounding it. Since pressure
variations scale as py U2 the term

t Dp
——==dV
Pof v vp D
will yield a monopole whose strength scales as U3. We therefore, like Crighton,
restrict attention to
L D54y
Po c, Dt

Unlike Crighton, however, we proceed to show that this term cannot yield a
monopole whose strength is proportional to U unless the specific heats vary.
Using (21) we have

1Ds,., Ty Ou; RkaT) kR apaT}
°fy5;7)7dv— °f7{pTc,,3xj+3x (pc oz +pzc oz, 0x; v (22)

if the specific heats are constant. The second term on the right-hand side of this
equation may be transformed by the divergence theorem into a surface integral
that vanishes. The first and third terms we examine by a dimensional analysis. For
a hot jet with temperature 7', velocity U and diameter D issuing into a cold still
atmosphere with temperature T;, near-field pressure variations scale as p,U?
and frequencies as U[D. But there are two length scales involved: the scale for the
volume integration is given by the jet diameter D, whilst that for the spatial
gradients (for turbulent flows) is given by the diffusion length scale (x/w)?} or
(«D|U)}, or some similar expression involving the kinematic viscosity ». For a
Prandtl number of order unity, the first and third terms on the right-hand side of
(22) therefore scale as

po UD?|(Tye,),  po USDHT,; — T;)[(RTY)
(since temperature differences scale as 7', — T;); both these terms yield only weak

monopoles whose strengths scale as U3. So we conclude that no significant

monopole source exists.
Crighton correctly deduces that

dV f {p‘b k(VT)z}dV

where @ is the dissipation function, and claims that the terms on the right-hand
side of this equation are independent of the Reynolds number, since the spatial
gradients become large in high Reynolds number turbulent flows. We can deduce
this result from the dimensional analysis above, for
E(VT)?
f Aty

will scale as p,U; ¢, (T — T;)2D%[T3, which is independent of the Reynolds num-
ber. But Crighton then argues that

Ds

Po V‘ﬁde
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will scale as p, U(S; — 8,) D This is not so, for, as we have already shown,

Ds
Po V'D"idV
does not yield a monopole whose strength scales as U if the specific heats are
constant.
Thus, as in the linear case, we find that the only significant diffusion source
term is of dipole type unless the specific heats vary with temperature.
Obermeier (1975) and Morfey (1976) have also reached this conclusion.

7. Nonlinear diffusion as an acoustic source: variable specific heats

Whenever the specific heats are constant, no monopole results from heat
diffusion in a jet that is capable of generating a far field with intensity scaling as
U*. But variations in the specific heats can lead to such a monopole. This can be
modelled by allowing v to vary in our previous analysis, thus introducing an
additional term in (22). The monopole source strength therefore becomes

koT ¢ (1
pofsu.dS = Po V;)-a;z'azt(;’)dV'fO(Ms) (23)
(see Morfey 1976). To examine the consequences of this term we first discuss the
principal mechanism that causes specific-heat variations in non-monatomic
perfect gases.

Energy can be stored in several different modes of molecular motion. If the
modes are all fully excited the total energy is distributed equally between them,
but quite frequently some modes are unable to hold their full quota because of
quantum restrictions. For air at the temperatures of interest to us only the kinetic
energy of molecular translation and rotation and the energy associated with
molecular vibration are significant.

When a perfect gasis in equilibrium the energy contained in each of the possible
modes is a function of the temperature alone. Indeed the translational kinetic
energy defines the temperature, so that the specific energy in the three trans-
lational modes satisfies

E(T)=$RT. (24)

Attemperaturesabovea few degrees Kelvin the rotational modes are fully excited,
and for diatomic molecules the specific energy in these two modes satisfies

Ex(T) = RT. (25)

The vibrational mode, however, is fully excited only at temperatures of several
thousand degrees Kelvin. At lower temperatures it is unable to hold its full
share of the total molecular energy. Except at very high temperatures, it is
reasonable to assume that the molecular vibration is harmonic and that it is
separable from the molecular rotation. The specific energy in the vibrational
mode for diatomic molecules then satisfies

Ey(T) = B[3Ty + Ty /(™7 T — 1)} (26)
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(see Landau & Lifshitz 1958, p. 136), where 7' is called the characteristic tem-
perature for vibration. For temperatures greatly in excess of 7}, the vibrational
mode is fully excited with E,(T') = RT. The total specific energy is given by
E(T) = Ep(T)+ Ex(T)+ Ey(T) if we neglect the energy in the other modes of
molecular motion.

For diatomic gases in equilibrium, the specific heat at constant volume, given

by
dE(T) T,\? ReTvIT
o) = St = 48+ () Gy

varies because the vibrational energy does not depend linearly on the tempera-
ture. In air at temperatures below about 500 °K, the variations are dominated
by the contribution from the oxygen molecules, since for oxygen the character-
istic temperature for vibration is about 2228 °K while for nitrogen it is about
3336 °K (Herzfeld & Litovitz 1959, table 50). At higher temperatures, however,
the contribution from the nitrogen molecules dominates. For temperatures much
less than the characteristic temperature for vibration, variations in the specific
heats are small, but nevertheless they can lead to a significant monopole source.

To illustrate this source we consider adiabatic mixing at constant pressure of
two equal masses of a perfect gas. The temperatures, volumes and densities of
the two masses of gas before mixing are 7}, V,, p, and Ty, ¥, p, with p, V; = p, ¥,
and Bp; T, = Rp, T,. The fully mixed state is specified by 7', V, p. The governing
equations are Rp, T, = Rp,T;, = BpT (constant pressure),

P Vi+ps Vo = pV  (conservation of mass)
and

PV E(T) +p. V. BE(T;) = pVE(T)+ BpT(V -V, —V,) (conservation of energy),
from which it follows that
(V-N-N)V+V) = 2T - (T, + T)(T1+ Tp),
where 7' satisfies
2RT + E(T)) = RT,+ E(T}) + RT, + E(T,).

In general 27"+ T} + T}, and there will be a change in the total volume as the gases
mix. Acoustically, this is equivalent to a monopole.

When a gas is not in equilibrium, the energy contained in any particular mode
of molecular motion is not in general a function just of the temperature. The
translational kinetic energy always defines the temperature, so that even in non-
equilibrium situations the translational specific energy e, equals its equilibrium

value E ,(T'): ep = E(T) = §RT. 27)
But variations in the energy contained in other modes will tend to lag behind
variations in temperature. The lag between the specific rotational energy ez and

its equilibrium value E(7T') is small and can be modelled by introducing a bulk
viscosity into the viscous stress tensor 7,; (see Lighthill 1956). Then

ep = Ep(T') = RT. (28)
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The time lag before the specific vibrational energy e, reaches its equilibrium
value, however, is much greater, and must be modelled for small departures from
equilibrium with the aid of a rate equation

Dey|Dt = (Ey(T)~ep)|Ty (29)
(see Lighthill 1956), where 7, is the relaxation time for the vibrational mode.
For oxygen 7, ~ 3x 10-3s when 7' = 288 °K and 7, & 10~*s when 7' = 900 °K;;
for nitrogen 7, is not significantly different (Herzfeld & Litovitz 1959, table 50).
Introducing water vapour greatly reduces the relaxation time; for example, fully
saturated air at 293 °K has a relaxation time of about 0-5x 10—¢s (Lighthill

1966).
We find it convenient to use in our analysis the specific energy

e=ep+eptey =3plpt+e,. (30)
Instead of the temperature equation (5) or the entropy equation (21) we have the
energy equation De p Dp o o,

PDi oDt~ ", o,

(see Lighthill 1956). The energy flux vector q has a contribution from the diffusion
of molecules with different vibrational energies, so that

qk = - kaT/axk—‘ nglaeylaxk,
where 2 is the coefficient of self-diffusion and » is the molecular number density
(see Clarke & McChesney 1964, §5.9).
The monopole source strength is therefore

_ 6§1Dp 2 1 De, 210dg, 2ri,au)
pof a8 = f,,("ﬁg,ﬁ'mqvﬁ‘amfﬁax, a. @2

(31)

The only significant difference between this and our earlier result (22) is the

additional term 2 1 Dey av.
Po}, “7RT Dt

We may again neglect‘ all the other terms on the right-hand side of (32), so that,

correct to O(M?2)
’ 2 1 Dey
av.

pof wds=p| ~Zampr (33)

The vibrational mode effectively acts as a source and sink of heat, causing the
fluid to expand and contract and generating a monopole sound field. The source
term does not in general vanish since, when two masses of a non-monatomic gas
mix, the vibrational energy lost by the hotter gas exceeds that gained by the
colder.

At high frequencies, when the time scale of the fluctuations is much smaller
than the relaxation time, the vibrational mode is unable to respond to the rapid
fluctuations in the temperature, and we have frozen flow with the rate equation
(29) reducing to Dey[Dt = 0. Then the monopole source strength (33) vanishes.

At low frequencies, the rate equation reduces to £ (1) — e, = 0;i.e. the energy
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in the vibrational mode always equals its equilibrium value. In this case the
monopole source strength (33) becomes

pofsu.ds—pof S BT D av.

Since K, is a function of temperature alone, DE/Dt = dE[dT DT[Dt. From
the energy equation (21) and equations (27) and (28), therefore,

DE, dE,2 1 :Dp Dey,  0gy 6u1-}

"Dt dT TRp

At temperatures much less than the characteristic temperature for vibration,
nearly all the molecular energy is contained in the translational and rotational
modes, so we can neglect terms quadratic in the specific heat dE,[dT for the
vibrational mode. Thus

3 —1dE, 8 s dEy
pof u-as -Pof,,csz 77 5, (452) 47 +00r) +0(za () ).

Further manipulation gives the low frequency monopole source strength as

pofsu.ds.—.pofVc T‘ﬁﬁ;’(w) dV+0(M3)+0( (‘fg,)) (34)

These high and low frequency results can be obtained directly from (23). If the
temperature fluctuations are small and periodic in time with radian frequency w,
then the effective specific heats are given by

(Colett = B+ (AEy[dT)[(1 +iwTy),
(pletr = TR+ (AEp[dT)[(1 +iwTy)

(see Herzfeld & Litovitz 1959; Lighthill 1956). At low frequencies, wry < 1,

__6_( 1 ) ((c )e") R@TdZEV
0% \Vent (Cplert s 3x ar*’

neglecting terms smaller by factors of R—1dE[dT, and the monopole source
strength is given by (34). At high frequencies, wr, > 1, the vibrational energy
cannot respond to the variations in temperature, 80 dyg#/0x; = 0 and the mono-
pole source strength vanishes.

Dimensional arguments like those in § 6 suggest that the low frequency mono-
pole source strength should scale as

[po (Ty — To)? Udd*Ey (To)[dT?) (¢, To)

for the problem of a hot two-dimensional stream with temperature 7, and vel-
ocity U mixing turbulently with a cold stream of temperature 7;, where 4 is the
thickness of the turbulent shear layer, and that the corresponding expression for
the equivalent axisymmetric problem is

[po (T — To)*U D@2 Ey(Ty)(dT*] (e, To)

2 FLM 78
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when the hot jet has diameter D. The radiated far-field pressures at a distance B
scale respectively as

Ty 2B (To) (T, —Ty)2 (U\2 [ ¢ \}
~ . 220 vido) ULy —4o)" (U] C
P~ Po ¢, dT? Tz (c) (w ) (35)
and Ty @By (Ty) (T, — Ty)? (U\2D
P~ PoC ¢y d4I% TZ (E’) ®r (36)

For the two-dimensional problem of § 5 for laminar inviscid flow, we deduce in
appendix E that at low frequencies the noise radiated from the nonlinear mono-
pole source associated with variations in the specific heats has fluctuating pressure

ok YT, -T2 U* T, d*E ,(T,) exp { — iw(t — R[c) — }in}

p=pe (-(-;E) Ty cc, dI® (16mwR/c)} '

We have neglected terms smaller by factors of M, the Mach number, of wx/U?,

the reciprocal of the Péclet number, of R-XdE/dT, the relative specific heat for

the vibrational mode, or of (7} — Tp)/T;, the relative temperature difference. For

the problem of turbulent flow, as in §5, we expect the pressure to be increased

by an amount of the order of the normally large factor (wk/U?)~%, and we recover

the result (35) obtained by dimensional analysis. We have not examined the

problem of laminar axisymmetric flow in this manner because the mathematics
become very involved; presumably similar conclusions would hold.

We conclude that variability of the specific heats admits a monopole source in
hot turbulent jets that can generate a far field scaling as U in three dimensions.
The strength of this monopole source has a distinct frequency dependence, van-
ishing at high frequencies. It is much weaker, even at low frequencies, than the
conclusions of Crighton would suggest. Obermeier’s published estimate of the
source strength is also in error; it should be smaller by the factor

(Tle,)d?E,|dT? =~ 2 x 1072,
or 34 dB typically. But even so this monopole will normally dominate over
the dipole mechanism of §5 [compare (35)’and (36) with (19) and (20) or (37)
with (17)], since typically (wk/c2)} ~ 1073,

(37)

8. Conclusions

We have determined the sound radiated from an unsteady heat source. A
monopole contribution dominates provided that the source is compact, and the
radiated sound may then be deduced from a knowledge of the heat input alone.

Estimates of the sound radiated due to fluctuating heat input are compared
with estimates of that due to fluctuating forces for certain aeroengine and under-
water applications. Although the intensity of sound due to the viscous boundary-
layer dragis smaller by the Mach number squared than that due to the heat input,
the fluctuating lift or form drag is often large enough to produce the most noise.
But when boundary layers are turbulent heat sources are probably significant.

In the absence of heat transfer between the fluid and any foreign bodies it is
shown that the diffusive noise source is of dipole type provided only that the
specific heats remain constant. A more significant source is associated with var-
iability of the specific heats; i.e. a monopole with far-field intensity scaling as
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Mach number to the fourth power. The monopole source strength is independent
of Reynolds number, but it is multiplied by another small parameter (the rate of
change of the specific heats with temperature). The monopole is associated with
the flow of heat into and out of the vibrational energy mode of molecular motion;
relaxation effects restrict the response of the vibrational degree of freedom to
rapid fluctuations in temperature, so we argue that any noise radiated from this
source will be of low frequency. Model jet experiments do appear to show this
kind of frequency dependence (see Hoch et al. 1973).

Lush & Fisher have obtained a correlation of hot-jet noise data by assuming
that the increase with temperature of the low frequency noise at low Mach
numbers is due to an additional diffusive monopole source. If this assumption is
correct there will be an unusual scale effect. The presence of a second time scale
(the relaxation time for the vibrational energy mode) means that acoustic fre-
quencies will not simply scale as U/D. In addition there will be a marked varia-
bility in the spectral distribution when the air is humid. The relaxation time for
the vibrational mode depends critically on the humidity (about 10—2 s for dry
air, but 10—2 s or less for humid air), and consequently so does the relaxation
frequency (about 150 Hz for dry air, but 150 kHz or greater for humid air). The
monopole source is significant at frequencies much less than the relaxation fre-
quency and so could be significant even at high frequencies if the jet were humid.
Although these idiosyncrasies could be helpful in estimating the importance of
heat diffusion as a noise source, they might present great difficulties in the
application of results for model jets to full-scale engine configurations, and may
in fact be the cause of some of the scatter in the available experimental data.

The author wishes to thank his supervisor, Professor J. E. Ffowes Williams,
and also Dr M. S. Howe and Dr Y. L. Sinai for a number of the ideas in this paper
and for many helpful discussions. He also benefited from reading a paper by
Dr C. L. Morfey prior to publication that prompted him to undertake the analysis
of §7. He finally gratefully acknowledges the support of his employers, Rolls-
Royce (1971) Ltd., Derby Engine Division, and an 8.R.C. Industrial Studentship.

Appendix A
The steady temperature is given by the solution of (12),

UT" [ox = kV2T”,

with T =(T-T){Hx)-H(x—a)} on y=0.
The substitution ¢ = T"'ei*=, where k = tU[2«, gives

22002 + 6|0y + kg = 0, (38)
with @(x,0) = (T, — Tp) {H(x) — H(x — a)} et*=.

Taking Fourier transforms in x defined by

1 [ ,
(I)(a’ .7/) = gf—oo ¢((I:, .7/) e da:
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we have the solution
(LT

Dle,y) = 2mi(a+ k)

{1 eia(¢+k)} e—{ll’

where { = (?— k?)t is taken to have positive real part. ®(«, y) is analytic in the
strip U2k > Im (¢) > — U2k, and

d(zx,y) = O(e, y) e 27 da.
The unsteady temperature satisfies (13),
oT*[ot + UoT*|ox — kV?*T™* = — U*e~t 9T [ox,
with 7* = 0 on y = 0. The substitution ¢* = T*ei*z+ivt reduces this to

P2Pp*  B2p* s U* D y
e + -372- +1%0* =¢ """ 3_x{¢e k) (39)
with ¢* = 0 on y = 0. Here 12 = (t:U[2k)?>+iw[k. Again taking Fourier trans-
forms, we have the solution

#*ay) = [ ovay)eordn,

where UXT,-T,

D¥(a,y) = LI T0 (1 gintati) fo-tv —em),

and 7 = (a2—[?)}is taken to have positive real part.
We thus have

T=T- f 2(:;(0547-112) — efaletB)exp[ —i(a + k) z — {y] da

@ U*(Tl— o) ia(atk) oY . .
+ —W(l—e J(e ¥ —eW)exp[ —i(a+ k) x—iwt]da. (40)

© o A TR — gialath)
=f Ppody UMD —Ty) (1 —e )exp[-—-i(a-f-k)x—iwt]

—® 2 Ty(1+ M cos &)
&cosbetv U*2
~Y ey _—
x{e V—e W+ k) ;dcx+0( 7 )

since M, = — (Ufc+ U*e~%[c) cos 0, M = Ufe, & = w[/(1+ M cos ) and 6 is the
angle of observation. Substituting in the three-dimensional result (14) with the
zero suffix on x omitted,

=PI 453!%!“”” Ty () =+ o),

and integrating with respect to x,; by the method of stationary phase, we have,
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since dp[dy = O on y = 0,
- _ idp, U(Ty— Ty) exp{ — ia(t— Rfc) + i)
Hp=po) §:1) = 2n T, (8n@R/c)t (1 + M cos 6)?

X fw fmfw (1 —etslat®)exp { — i(a+ k) x — i@ cos O/c}
—oJ0 -

@cosfetv

x {e—t@vsinblc o pidysinbicY] o—Lv . p—1v
{ + } + cla+k)

} dxdy de+ O(U*2[c?).

Thus the far-field acoustic pressure is
p= p062 Tl—ﬂ)(gf)*g_*(l_e—ia&cosalc)_e__ﬁxt__m_
(1+Mcosb)2 T, \c2] ¢ (2n@R/[c)t
+ O(6k/[c?) + O(U*?[c?). (41)

For small @afc, we obtain (15),

p= 1pq C2 T,-T, (a’)_x)i_lﬁ &a cosfexp [ ~16(t— Rfc)]
(1+Mcosb)>? T, \c%] c c (2m@dR[c)t

while, for a - co, we obtain (16),

et BT () Ut xpi e
P (1+Mcosb)? T, \c%] ¢ (2m@®R[c)}y -

Appendix B

We now solve (38),

92 oa? + 8% [oy* + kP = 0,

subjectto = (T} — T,)e*=for y = 0, > 0, continuous and d¢/dy = 0 fory = 0,
x < 0, and subject to radiation and edge conditions. Taking Fourier transforms,
as before, we have ®(a,y) = A(a)e~tlY (since ¢ is continuous on y = 0).

Using the notation of Noble (1958), i.e. denoting

1 (= .
2, $Eneeds by 0. y)

1o )
and o j_ . d(x,y)ei**dx by O_(a,y),
we have O, (2,0") = D (,07) = — (I, - Tp)/{2mi(x + )},
D_(ex,0%) = O_(e,07)
and P (a,0t) =D_(x,07) = 0.
Thus @ (x, 07) — P (x, 07) = —2L4(x) = —2L{D_(x, 0) — (T} — Ty)[[2mi(ce + K]}

Since @, (a, y)isregular forIma > — U/2«, ®_ (a,y) is regular for Ima < U/2x,
and {is regular and non-zero in the strip U2« > Ima > — U/2«, we may solve
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the equation by the Wiener-Hopf technique. We have
1 (=T (— 2k

(@@, 07) =4, O i ™ it )

= —2(0&--1‘:)1lf<1>_(ac,0)+((1 +k){( a—kiE—(—2k)} = J(a),

where J(z) is a function regular in the whole complex plane. Close to the edge
V2T ~ 0 and so we have the edge conditions ¢ = O(1) and V¢ = O(|x|~™) with
m < 1 (see Noble 1958, p. 74). Consequently

D_(a,0) = O(e!) and P (x,0F)—P\(a,0-) = O™ 1),
80 J(a)—> 0 as |a| o0 in both the upper and the lower half-plane; by Liouville’s
theorem J(c) = 0. It follows that

A(@) = — (T, —Tp) (— 2k} /{2mi(x + k) (@ - k)3,

© _(T,—T,)(—2k)} _
% é(z,y) =f_ 2”(1;(;_'_,:))((0‘ ~2k))i exp (—¢|y| —iox) da.

i 2h% 9o * U*
Equation (39), 33:;52 0 ¢ +Rg* = e"“"——%{qﬁe—“"m},

with ¢* zeroony = 0, 2 > 0, ¢* continuous and 8¢*/dy zeroony = 0,z < 0 and
subject to radiation and edge conditions, may be solved by inspection:

© UXT,—Ty)(—~ 2k)i ] €TV el
¢='=(:z:,y)=f_ao 2ﬂ:w {(a s l)i}

We verify only that this solution satisfies the boundary conditions. For y = 0,
z > 0, wemay complete the contour in the lower half-plane to obtain ¢* = 0. For
y = 0,z < 0, $*is continuous, and we may complete the contour in the upper half-
plane to obtain d¢*/dy = 0 (as || >0 the integrand ~ a—*e~%*2, so that the
contribution from the semicircle at infinity vanishes by Jordan’s lemma). It is
not difficult to verify that the governing equation is obeyed, and that the radia-
tion and edge conditions are satisfied (see, for example, Noble 1958, pp. 72-73).
Thus we have

Ty) (—2k)t _
T="%- f 27”(06+'}c)(a LS 1exp[—Lly| —ila+ k) z]da
© UNG - T) (20} : L[ et gt
+L,U LEHIELL exP[—-@(a+k)x—mt]{(:_Z)i_(;-"l)*}da. )

So as before
e o .
o) & ) = e e
x f‘” fmf” exp{—i(a+k) & —ida cos b/}
~—2J0 J-w x {exp [ — i@y sin §/c] + exp [ &y sin 6/c]}
il e @ cos @ etV
8 {(a—k)* T~ l)i+c(ac+k) (a—k)t

U*2
}dxdydoc+0(—52—-),
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since dp/dy = 0 on y = 0 (by symmetry for # < 0). Thus we again obtain (16):

- P T-T, (%)*g:ex‘p [—i6(t—Rfc)] (ﬂ) ({J_"‘f)
p_(1+Mcost9)2 T, \¢¢]) ¢ (27&R[c)} +0 c? +0 et )’

Appendix C

In the frame of reference (z,y,z) moving with the plate, the temperature on
y = 0,z > 0is §(7, + Ty) by symmetry, while on y = 0, 2z < 0 we have 0T'/dy = 0.
It followsthat (42) may be used to deduce the steady and fluctuating temperature:

_L+T (=T
T = g~ g seny
_ ® (I —T,) (—2k)texp[—{|y| —i(a+ k)]
sen yf e dmi(a + k) (@ k)F da.

© UMT,—T;) (- 2k)
—o 4dmiw

exp [ —i(a+k)x —iwt]

et eyl
% l(a—k)t“(a—l)

To determine the sound radiated directly, we use (14) and integrate with res-
pect to xy3 by the method of stationary phase. Thus

16y US(Ty — Ty) (— 2k)exp{—io(t— RJc) + Jim}

+sgny

1,!} do.  (43)

20— =
cX(p—p,) (€, 1) 4nT, (8n@R[c)} (1 + M cos 6)
« f ® fm fm exp{—i(a+k)x—idx cos 6/c—idysin f/c}sgny
e—Slvl eyl @ cos et U=
T B e e a0 ),

which gives (17):
_ Po (Tl"To)_‘Z)fg_* .

P = [T+ M cos Oy T, ¢ ¢ sinf
exp[—i®(t— Rfc)— }in] (@ U_*z)
% (8m@R[c)} +0 c? +0 et )’

Appendix D
The steady temperature in the equivalent three-dimensional axisymmetric
problem satisfies UdT"[ox = «V*T" with é7"[or = O on r = a, x < 0, with T 1T,
as ¥ — —00, r > @ and with 7T as # > — 0, r < a, and is subject to radiation
and edge conditions. Setting
T pe kx4 Ty for r>a,
pe*2+ T, for r<a,

the governing equation reduces to

10( 0\ ¢ .
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with ¢/dr continuousonr = a,x > Oand zeroonr = g,z < 0, and with
p(r=at)—@(r =a~) = (T, -T,) e?** for =z > 0.

Taking Fourier transforms in z, defining

D(a,r) =§17; j P(z, r) etz da,

we have _ |A(x) Ky(&r) for r>a,
Ole,r) = {B(a) Io'zgr) for r<a,
where { = (a?— k?)} has positive real part. Using the notation of Noble, as before,
wehaTe 0 (a,a0) -0, (@, a) = — (T~ Ty)[2mila-+ B)]
D (a,a") = D, (a,a7), D (z,at) =D (a,a7)=0.
So A(x) Ko(a) = B(a) Io(a)
0 @man) ~0_(ma) - £IZ0 - 4@) Ky(t)- Bl (@)
Y K(8a) _ Iy(fa)
=% s e
Now Ky(ba) 1Iy(Ca) 1 -2

TE(Ga)~ ET(Ga) ~ alIi(Ca) Kq(Ca) ~ ol* K (@) K_(a)’
where K (a) K_(a) = —2Ky({a) Iy(a), and K () are analytic and asymptote to
||~% in the upper and lower half-planes respectively (see Noble 1958, pp. 110-
118). Thus
(L, -T,)
2mi(e+k)
_ —20(w,a)  (T=T,)
(a+k)aK (a) 2mi(a+k)
where J() is analytic in the entire complex plane. Edge conditions ensure that
J(a)—> 0 as |a| >0, s0 J(a) = 0 by Liouville’s theorem. Thus

A(@) = — (T~ T,) UaK_(— k) K () [{4mx{Ko(Ea)}

{P_(a,a*) —D_(2,a")} (@ — k) K_(t) — {(a—k)K_(a)+2kK_(—k)}

2%K_(—k) = J(a),

and B(a) = — (T, Tp) UaK_(— k) K (o) {4mclIi(Ca)}.
So plor) = |7 =TT DR g ) i
where K, (¢r)|Ko(ba) for r > a,

¢ = {Io(gr)/zz,(ga) for r<a.

The solution of the unsteady temperature equation

1 a a¢* 32¢* 2 A% . ptkx U* a —ikz
737(’“37)+—*ax2 +igY = eo—— o {Pe) (45)

which satisfies the boundary conditions 9¢*/dr continuous on r = a, z > 0 and
zeroon r = a, % < 0 and ¢* continuouson » = @, z > 0 and which also satisfies the
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radiation and edge conditions may be found by inspection to be

® UM ~T,) U*aK_(—k)

¢*($, r)= e ATk
X {(a + ) (Kz(a) %(gr) _ (a + l) L;(a) %(77’)} e—tax dd;

where 9 = (a2—12)} is taken to have positive real part.
L (@) L_(@) = —2Kq(ya) Io(ya)

with L () analytic and asymptoting to |¢|~# in the upper and lower half-planes
respectively. Again, as in appendix B, we verify only that the boundary conditions

are satisfied. We have
Ul -T,) U*aK_(—k)
*¥r=at)—*(r=q) = 1 0
P = a¥) = $*(r = o) L

xJ«w { (e+k)K (@)  (x+1) L (x) }e""”da
- lag23(Ca) Ko(la)  an®ly(na) Ko(na)
since Kq(8a)  14(%a) _ 1
{Ko(fa) Clg(Ca)  al?ly(fa) Ko(fa)
For z > 0 the contour may be completed in the lower half-plane. The integral
vanishes 8o ¢*is continuouson r = a,z > 0. dp*/or is clearly continuousonr = a,
and is given by
%* — %* —
8 o gy BT UK (R

dkw

x |7 (et k) Ko (@)= (@+1) L (@)} e-=da.

As |a| >o00, K (&) ~ (—te)"} for Im () > 0 (see Levine & Schwinger 1948), so
the integrand ~ e~**zg—+, By Jordan’s lemma the contribution from the semi-
circle at infinity in the upper half-plane vanishes for # < 0 and so d¢*/ér = 0 for
r=a,z<0.

Thus we have

T = T, H(r—a)+ T, H(a—7r)— fw BT Vel (=) e

[l 6 U @b (o) Sl

T e ¢ .
DO,
The sound radiated directly is given by
o-m@=-[" [ [ e st
x exp{—1®(t— Rfc) —i(a+k)x —idx cos Ofc — idrsin 6 cosyr/c}
,: {(a+k)?(§r) K, (@) (e+0)€(yr) L,,f(a) + @ cos0F({r) K+(a)}drd¢rdx d,
¢ " cg
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where M = U/c and & = w/(1+ M cos ). Now

® _(erlyEr)dr | (2 rKo(Gr)dr
fo €@ = | Iiza) +fa Kyta) = °

2n
and also J‘ cosyrdyf =0
0
so at low enough frequencies we need consider only the third term when we
expand the exponential exp (—i@rsin 8 cos J/c) as
1 —¢@rsin 0 cos rfc — @*r2sin? 0 cos? r[2c2 + ... .
2n a3 (Erydr [ K ({r)dr 2a
0082 dy = , ? 0; = 7 7
i otvar = [5G R - ereme
® @po UNT —Tp) UaK _(—k)
2(p — ~ — 0
Hp=po) (&, 6) = f_w 4Ty 4nR(1 + M cos 6)?
2am(a+1) L, (o) &?s8in®0da
7Lo(na) Ko(na) 9 2¢*
When o+ k+ @ cosffc = 0, 7% ¥ —i@/k and

_E (=BL)_ __ K_(-F)
2I4(na) Ko(na) L_(—k— @cosbfc)

80

exp [—16(t— R/c)]

x 2mé(x+ &+ @ cos /c)

K_ and L_ are functions analytic in the lower half-plane that differ only in their
wavenumbers k =1iU/[2k and [ = (k®+iwfk)t = k(1 ~2iwk[U?) respectively.
Consequently at low enough frequencies K_(—k)/L_(—k—~ & cos6/c) ~ 1 and
a8 - PoC? T, - Ty &k U* Gasin® Gexp [~ id(l — B/c)]
Hp=po) B, = (1+Mcosf) T, c® ¢ ¢ 4R[a ’

which is (18).

Appendix E
The monopole source strength is given by (34),

_ x a2, (T) (oT\*
pofVu.dS = pongq—.,-—d—T,z—(axl) dV,

neglecting terms quadratic in the specific heat dE,[dT for the vibrational mode
and terms of order M3. We further neglect those terms higher than quadratic in
the temperature variations. The source strength should be evaluated in the frame
of reference  in which the fluid at infinity is at rest, but for our purposes it is
sufficient to work entirely in the frame of reference X in which the semi-infinite
plate is stationary; the relative error will be O(M). Finally, in the two-dimen-
sional problem, gradients in the y direction are much stronger than those
in the 2 direction, so that (87'[dx)? < (8T [oy)? (the contribution to the source
strength from (87 /dy)? is larger by a factor of the Péclet number U?/w« than the
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4 5 A
Q
=
[
=1
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kfa k
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————————— dm— —
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e -k
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___________ e o e By e n e e b1
g
&

(a) )

F1cure 3. Contours for (a) the & and (b) the f integration.

contribution from (¢7'/0x)?). Thus the dominant contribution to the monopole
source strength is the fluctuating part of

o N L “

In the earlier analysis we have treated all fluctuating variables as complex;
the physical quantities involved correspond to the real part of these complex
variables. In the linear theory it is possible to work in terms of complex quantities
throughout, but in the nonlinear theory it is important to take real parts. Thus in
the expression (47) for the source strength we must substitute the real part of
(43).

The fluctuating part of (87'/dy)? is given to first order in U* by

© (T,—Ty) &(—2k)texp[—L|y| —ilB+ k) 2] dp
2mo( [~ Uiz (B B (- P |

© U*(T,—Ty) (—2k)exp[ —i(a+k)x—iwt] [—LetW pelvl
X Re{f : dmiw [(oc-—k)i +(ac-l)i] a}

Re”— f-mSWEZ%:-k)F,)efi)}exP[—glyl‘-i(06+ﬂ+2/c)x-—z'wt]
Letw! ﬂe—mvl o fo JUMT, — TRE
X[ (x— k)i (« "l)i] dadﬂ:+Re {f_ J._w _Sﬂza)(ﬂ-l-k) (‘;?+k')i‘

ge"Chll 7 el

x exp[~{ly| —i(a—pf+2k)x— uot][( uy2¥: +(a—l)§]dadﬂ}’

where § = (a2 —k?)}, = (a®— %)} and { = (82— k%)t all have positive real parts.
After the integrations with respect to  and y and some further manipulations
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have been performed, the monopole source strength (47) becomes

Po BBy (Ty) UXTy,—T,)2 U [ . —~iwt
o, T, dT o Re{ » ~mz8(a+ﬁ+2k)e

x{[ ~(a+k)(x—k)t + (@+1) (@1} ]
(@+B)a—pB)(B+ip " [a+ (B +iw]k)] [a— (B2 +i0[K)F] (B + k)
Bkt (a+k)t (B-k)t (a—1)}
(R~ o wione= G )

For the sake of definiteness, we assume that in the complex plane the contour
C, for the o integration lies above the contour C, for the £ integration (figure 3).
We obtain the same final result if we assume that C, lies below C,.

To evaluate the contribution from the first part of (48), we deform the contour
for the a integration from C, to C,, so that it passes under a = ~ k. In so doing
we pick up contributions from poles at @ = £ and at a = (82+iw/«)}. These give
us a contribution to the monopole source strength of

po BB (T) UXT,~Ty)2U ot (B=R}(B+ )

Cpqo}) d;”o 10) : Re{fc’[—8(2ﬁ+2k)e MT
(B2 +iw[k)E 2+iwfk)t -1}

+8(f+ (B2 +w[k)} + 2k) e~ 1ot LAk ;"(’,é'& :;,l/],([)(ﬁ ,9+: (I:{: = ] dﬁ}

Q2B (TYUXT, -T2 U . .
=c:To dZ'(z 0) (10) 0) U(zt“l’)/x)*Re{exp(-—zwt+im)}{1+0(%’§)}_ (49)
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With the contour for the a integration modified to Cs, it is possible to perform the
B integration directly. When a+ g+ 2k = 0,

G- = —dkla+k), 7°—8= —dk(a+k+o/2U)

and branch cuts from #= —k to f = —¢oo run from a = —k to a = +100. So
there is a contribution to the source strength of

LA LAEC WY PSS — S (2~ D Jae

¢, T, dT* dnw c, (—a—k)} (e+k+o0/2U)(—a—k) )

Branch cuts run from a =%k, a = —k and @« =1 to « = ico, and the pole at
a+k+w/2U lies above the contour, so we can further deform the contour for the
a integration to C, (see figure 4), the semicircle at infinity in the lower half-plane,
without crossing any poles.

(a— k)b (+1)(a=1)} — w2k
[(—a—k)i—(a+k+w/2U)(—-oc-—k)i] ~ 20%

so the contribution to the source strength from this integral is

pok By (Ty) UX(T,— Ty)* mwik
c, Ty dT? 4w 2U03%

smaller than (49) by O((wx/U?)}).

The second part of (48) is evaluated by first deforming the contour for the £
integration from C, to Uy, since here branch cuts for the g integration are in the
upper half-plane. This is achieved without crossing any poles. The « integration
is then simply performed. We can further deform the contour for the fintegration
to Oy, the semicircle at infinity in the lower half-plane, and the contribution to the
source strength is again smaller than (49) by O((wx/U%)}).

The expression for the monopole source strength is therefore given by (49),

po0? (T, = T2 Ty 2By (Ty) U* (wrc\

20 T ¢, dI* ¢ (F)
neglecting terms smaller by factors of M, the Mach number, of wx/U?, the recipro-
cal of the Péclet number, of R-1dE,[dT, the relative specific heat for the vibra-
tional mode, or of (T} — T;)/T, the relative temperature difference. The radiated
far-field pressure is given by the real part of

oI — T, Ty d?Ey (T3) % (_w_")’} exp[—iw(t— R/c)]

P=b g T drT o \& (16nwR[)f  ’

as |a|—>o0

Re{—1ett},

Re{exp (—twt+ }im)},

which is (37).
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